Turbulence in the vicinity of the last closed surface transports plasma momentum away from the core region towards the wall, and hence provides a momentum "source" that can induce net core plasma rotation as well as sheared flows in the edge. Here, numerical simulations of this process for the binormal (approximately poloidal) component of momentum are described which use a minimal two-dimensional model, in the plane perpendicular to the magnetic field, incorporating directionality (drift-waves), radial transport (Reynolds stress and blobs), and dissipation (sheath loss terms). A zonally-averaged momentum conservation law is used to advance the zonal flows. The net momentum transferred to the core is shown to be influenced by a number of physical effects: dissipation, the competition between momentum transport by Reynolds stress and passive convection by particles, intermittency (the role of blobs carrying momentum), and velocity shear regulation of turbulence. It is shown that the edge momentum source adjusts to match the rate of momentum transfer into the core, keeping the edge velocity shear nearly constant. The simulation results are also compared with the predictions of quasilinear theory.
I. Introduction
A large body of experimental and theoretical work has been focused recently on issues related to turbulent edge transport in tokamaks and other magnetic confinement devices. It is widely appreciated that edge and scrape-off-layer (SOL) physics is important both in its role as "boundary condition" for the core and because of the expected consequences of wall interactions and damage due to the transport of plasma particles and energy across the SOL. Strong turbulence, intermittency, and convective transport in the SOL by blob-filaments have emerged as central concepts in these investigations. Review articles on experimental measurements, 1 turbulence simulations 2 and blob physics 3 summarize recent contributions.
Momentum transport, though not as accessible experimentally as particle and energy transport, has been appreciated theoretically for many years. Zonal flows, reviewed in Ref. 4 , arise as a consequence of momentum transport driven by the Reynolds stress due to turbulence. While many of the basic mechanisms are well understood, much of this understanding has been obtained in the context of models which are not strictly pertinent to the region near the last closed surface (LCS). This radial zone, encompassing typically several cm on either side of the LCS, is the focus of the present paper, in which we consider the transport of the binormal (approximately poloidal) component of momentum across the magnetic field.
In the vicinity of the LCS, the presence of strong turbulence (i.e. here meaning order unity fluctuations in the density), the rapid radial variation of the mean (zonallyaveraged) density and potential, and the presence of sheath boundary conditions on field lines in the SOL require new investigations and invite new kinds of questions. How does drift wave physics, which provides a preferred phase velocity direction, determine the direction of induced zonally-averaged flows? How does drift-wave instability in combination with curvature driven instability lead to the formation of blob-filaments and how does this affect momentum transport? How applicable is quasilinear theory for momentum transport in the vicinity of the LCS? What is the strength of the edge momentum source for the core and what is the role of sheath and viscous dissipation?
How does momentum transport correlate with sheared flow regulation of turbulence?
Finally, how can we understand momentum flow near and across the LCS respecting momentum conservation and the important radial density weighting of the Reynolds stress drive terms?
Some of these questions have been partially addressed in other works, [5] [6] [7] [8] where the models have treated various aspects of edge/SOL turbulence including sheared flow regulation, sheaths, drift wave and curvature driven turbulence, blob formation, and the properties of the Reynolds stress. Generally the models employed in these simulations have not been momentum conserving or have made other simplifications, and consequently have been unable to explore some of the issues mentioned in the preceding paragraph. The present paper features a momentum conserving edge turbulence model (in the appropriate dissipationless limit) that treats order unity fluctuations, drift wave and curvature-interchange physics, and SOL sheaths. Among other fundamental questions, this model will allow an exploration of the role of blob dynamics on transport of the perpendicular component of momentum.
There is a vast literature discussing the production of zonal flows by drift wave turbulence. 4 While much of this work was motivated by the regulation effect that zonal flows have on the turbulence itself, 9 many of the concepts are also relevant to the generation of net poloidal and toroidal rotation in tokamaks. Recent work has focused on momentum transport by turbulence, emphasizing the role of spectral asymmetry which can result from the interaction of sheared flows with the background magnetic shear. 10 Except for some brief remarks in the concluding section of our paper, the subjects of spontaneous toroidal rotation 11 and parallel momentum transport are outside the scope of this paper, and would likely require a full three-dimensional treatment. These topics are, however, closely related to concepts considered here, and have partly motivated the present study. In particular, theoretical work addressing turbulenceinduced rotation and the phase velocity of underlying unstable modes 12 have motivated some questions which are addressed here. Coppi has proposed that the angular momentum carried by blobs is associated with the toroidal phase velocity of the underlying unstable edge plasma modes. Momentum transferred from the modes to the blobs and lost from the core plasma, is posited to provide a recoil force that can rotate the core, in accord with experimental observations of spontaneous rotation in L and H mode plasmas. 13 The plan of our paper is as follows. In Sec II we present the basic equations of the simulation model. In Sec. III the numerical results are given. Finally, a discussion and conclusions are given in Sec. IV. Appendix A discusses the derivation of our model equations and the numerical algorithms employed to solve them. Some verification tests of the simulation code against a radial eigenvalue code, are discussed in Appendix B.
II. Model equations
A simple two-field model that contains the physics ingredients we require for edge momentum transport studies is obtained by combining the Wakatani-Hasegawa 14 model equations on closed flux surfaces and the blob 15 model equations on the open field lines. These equations describe dynamics in the 2D plane normal to the magnetic field B, with model closure terms for the parallel physics. In particular, sheath losses of charge and density are controlled by a parameter α sh and the electron adiabaticity (i.e. drift wave physics) is controlled by α dw . The evolution equations for electron density and plasma vorticity (yielding the fluctuating potential) in our model are
Here N = ln n, n ñ n Throughout, ∇ = ∇ ⊥ acts in the perpendicular plane of the model. Convection in the constant background magnetic field B = Be z is described by
. The density source term S, active inside the LCS, takes the form S = ν(x)[n 0 (x)−n] where n 0 is a specified target profile. We employ pedestal type functions for ν(x) and n 0 (x) which decay exponentially into the SOL. This allows the turbulent density profile to evolve freely in the SOL region where S = 0, while heavily damping density fluctuations near the simulation boundary on the core side where we allow S (i.e. ν) to be flat and large.
In Eqs. (1) and (2) and throughout the remainder of the paper we employ
where Ω = ZeB/m i c and ρ s = c s /Ω with c s 2 = T/m i and n 00 is a reference density at the top of the pedestal. taken as the connection length L || ~ qR where q is the safety factor and R the major radius of the torus. Here we take α dw = α dw (x) to decay rapidly in the SOL, reflecting the strong increase in collisionality. In the SOL the electron response is modeled by
where α sh (x) vanishes in the core, and L || is the connection length to the end-sheaths. The corresponding terms in the continuity and vorticity equations represent the usual sheath end-loss terms for particles and charge. The curvature drive is modeled by
and is independent of x. The model thus incorporates elements of the classical drift-wave model of Wakatani-Hasegawa 14 (α dw ) and the blob 15 model equations (α sh and β). . In the absence of sheath dissipation (∝ α sh ), zonally-averaged momentum transport is manifestly conservative. Equation (7) implies that the source S in the density equation replaces lost particles, but not momentum, i.e. the source creates plasma at zero velocity rather than at the local ambient velocity. Otherwise there would be an additional term <Sv y > in Eq. (7).
Note that we invoke the familiar Boussinesque approximation on the vorticity equation for the fluctuating potential, but not for the zonally-averaged potential, in order to preserve momentum conservation for the zonally averaged flows. Also, the sheath term in Eq. (7) is not standard, although a similar term has previously been invoked. 8 
, and various other related instabilities including the sheath-interchange
. Additionally, the model supports the Kelvin-Helmholtz instability when the equilibrium has sheared flows.
Simulations of Eqs. (1), (2) and (7) were performed using a modified version of 
III. Numerical results
The base case profiles are illustrated in Fig. 1 as a function of the radial coordinate x. The profiles of n(x) (initial condition and source function), α dw (x) and α dw (x)/n(x) (a combination that enters linear stability) decay into the SOL. The SOL is defined by the variation of the sheath parameter α sh (x) which rises rapidly for large x, Because our model conserves momentum, Eq. (7) shows that p y is also the total momentum lost to the sheaths, i.e. combining Eqs. (7) and (8)
where we drop the turbulent momentum flux term <n v x n y > and the viscous momentum
at the boundaries noting that both are negligible for base case parameters.
The particle flux leaving the main plasma (middle panel), measured here at x = 110, is intermittent due to blob losses but always positive. The instantaneous momentum flux across the LCS (bottom panel) has both signs, but is dominantly negative (for reasons to be discussed), giving rise to the positive spin-up shown in the top panel. The momentum buildup does not saturate for longer runs, but continues (until the momentum diffuses to the simulation wall at x = 0) as verified by course grid (128 × 128) simulations which were carried out to t = 150,000. Thus the turbulent transport of momentum into the SOL provides an edge momentum source which can rotate the core plasma. The character of this momentum source, however, is subtle, as we shall see. Figure 4 shows that, on the long time scale, tot p & increases with µ . This can be understood as follows: Although the µ term causes momentum to diffuse from the edge turbulence zone in both directions, on the core-side where the plasma becomes quiescent in our model, µ provides the only source of momentum transport. Thus, varying µ is an effective means of controlling the transport of zonally-averaged momentum <nv y > from the edge towards the core. In reality, this transport would be carried out by neoclassical or turbulent diffusion and pinch processes not in our model, but under investigation by other researchers. 10, [18] [19] [20] The present paper is concerned entirely with the edge momentum source, and not with a description of the subsequent transport of this momentum inward. Figure 4 suggests that the edge source supplies net momentum at the rate at which it transports into the core. Faster inward momentum transport requires a greater edge momentum source. As we shall see, this occurs in order to maintain the required sheared velocity profile at the edge. Thus the net rotation rate of the tokamak is not determined by edge physics alone, but depends on the coupling to turbulent momentum transport into the core.
Interestingly, for short times in Fig. 4 (t < 5000), the rate of momentum buildup is the same for all µ . During this phase of the evolution, the rate of momentum increase is governed by the need to establish a sheared velocity profile in the instability zone (approximately 95 < x < 125 as determined from turbulent profiles and the radial eigenmodes discussed in Appendix B) that can regulate the turbulence. During this phase, the Reynolds term dominates the passive loss term (the latter being zero at the start of the simulation). Once the required edge velocity profile is established, the "excess" momentum generation is available for inward transport.
The final state (t = 20,000) zonally-averaged velocity profiles <v y (x)> for the three cases are shown in Fig. 5 . In fact these profiles are nearly but not strictly time independent at the edge (x > 95) and slowly evolve (increasing due to inward diffusion of momentum) in the core region x < 95. For small µ , the edge (x > 95) velocity shear is independent of µ (as expected since the instability growth rates γ are independent of µ and shear suppression of the turbulence requires d<v y >/dx ~ γ). For the largest µ case, strong inward diffusion of momentum suppresses the edge velocity shear. From these results we see that the strength of the edge momentum "source" is governed by velocity shear and shear regulation of the turbulence, so long as the source is strong enough to keep up with inward transport.
In order to understand the role of momentum dissipation in the SOL, we turn to two additional cases, illustrated in Fig. 6 , in which all parameters are held fixed at their base values except the fluctuating vorticity diffusion (i.e. viscosity) µ in Eq. (2) and the location of the sheaths. First, increasing µ reduces the net edge momentum source because the instability growth rates, and the resulting nonlinear processes, are all slowed down. For this large µ case, we also move the sheaths far away from the edge gradient region. The inflection point of α sh at x = 118 illustrated in Fig. 1 is moved out to x = 188. This eliminates the dissipation of momentum in the near SOL due to the sheaths, and allows the turbulence to transfer energy to (bipolar) flows. As a result the net momentum of the plasma is further decreased, as illustrated in the figure. In the limit where there is no loss to the sheaths (or walls), total momentum is conserved and would remain at its initial value of zero for all times. In contrast, for the base case, most of the momentum transferred from the core is absorbed into the sheaths resulting in unidirectional flows (i.e. net rotation) throughout the plasma.
The spatial variation of the resulting sheared flow for these cases is illustrated in Like previous work with related models, 5,7 our simulations indicate that coherent structures (blobs) form from the saturation of turbulence, and that the sheared flow plays an important role in the blob birth process, detaching the blob from the main plasma. 5 The formation of blobs is best illustrated in the large µ case with sheaths moved far out.
Large µ dissipates small scale fluctuations, and thus tends to make larger more cohesive structures. Reducing the sheath term in the near SOL allows for a longer radial propagation zone before the blobs density is lost (by parallel flow) and therefore eases diagnostics and visibility.
In describes steady-state momentum flows across the LCS. We will return momentarily to the specific role of intermittency on momentum vs. particle transport.
In Figs. 9 and 10 we examine some additional features of the µ = 0.1 simulation with the sheaths in the base case position. Figure 9 shows the wave-number spectrum of Φ fluctuations, viz. |Φ k | 2 , in (k x , k y ) space. The tilted ellipse is indicative of the spectral asymmetries that are required for a finite Reynolds stress <v x v y >, proportional to the weighted average Σ k x k y |Φ k | 2 .
In Fig. 10 we explore the radial variation of the fluxes and the turbulence statistics in the steady-state. The particle and momentum fluxes peak in the instability zone as expected, decaying into the core at left, and into the SOL at right (due to the sheath dissipation). The particle flux extends somewhat more deeply into the SOL than the momentum flux. The momentum flux is mostly confined to the instability zone itself.
The gradient of the momentum flux provides the force on the core plasma, and is confined to the region x < 110. The skewness profile (i.e. the normalized third moment of the fluctuation probability distribution function, shown here for density fluctuations), provides a diagnostic of the birth zone for blobs (and holes), 16 viz. the radius at which S = 0. Blobs are distinguishable as isolated coherent structures when S > 1. Comparing the profiles, we see that most of the momentum transfer to the core takes place in the radial zone where the blobs are just beginning to be formed, i.e. |S| < 1 pertains in the region where the momentum flux is significant. Finally, in the figure S < 0 corresponds to hole generation (i.e. the removal of plasma from the region where the blob formed and convected out), however in this region the fluctuations rapidly become exponentially small in our model, making the S diagnostic uninteresting for x < 95. We note that the radial propagation of structures in drift-interchange turbulence has been studied experimentally, where features such as the skewness profile, intermittent convective transport, and blob birth near the density gradient region are routinely seen. [21] [22] [23] [24] [25] [26] Another assessment of the statistics of turbulent momentum transport is shown in Fig. 11 . The relief plot in a) shows the time-history of particle and momentum fluxes at the LCS in the (y, t) plane for the base case. Note that the particles transport by larger more coherent structures than the momentum. The mean upward zonal flow is evident from the diagonal form of the structure, but in the case of momentum, the transported momentum flux is dominantly negative (blue in the color-online version). Probability distribution functions (PDFs) of the same particle and momentum fluxes are shown in Fig. 11 b) . The vertical axis is the normalized probability density, and the horizontal axis is the flux normalized to its standard deviation. Figure 11 shows that the particle flux arises from intermittent events which contribute to skewness (i.e. blobs). In contrast, momentum flux arises from smaller scale events that are both positive and negative and give rise to kurtosis, obtained from the fourth moment of the PDF (but not skewness, obtained from the third moment).
Many simulations, most run with lower resolution, provide additional insight into the properties of the model. In order to establish the uniqueness of the final state, and its possible dependence on initial conditions, we initialized simulations using the base case parameters but with an initial flow velocity, <v y > approximating either double the flow velocity in the final state of the base case run, or with reversed flow compared to the base case final state. In each case the zonally-averaged flow <v y > relaxed to a profile similar to that of the base case shown in Fig. 5 , indicating that the final state is independent of initial conditions, at least for these tests. In particular, we could not find multiple attractor states in this model.
Simulations were also performed to assess the role of drift-wave drive, α dw , vs.
curvature drive, β. In the absence of the drift wave electron response term, i.e. with α dw = 0, the model gives no preferred y-direction for the mode phase velocity: only the sheath-modified curvature-interchange branch remains. In this case, similar sized flows develop (relative to the base case) but their direction is not fixed, and depends on initial conditions. It should also be noted that the final nonlinear state with α dw = 0 is quite different from the other cases discussed in this paper: all of the flow energy (inverse)
cascades to the smallest k y in the box, and is also not localized radially near the initial instability zone, but penetrates to the x = 0 simulation wall.
Returning α dw to its base case value, but instead setting β = 0, allows a test of the importance of curvature drive on momentum transport. In this case the instabilities are weaker and the buildup of p y is correspondingly slower. There is no persistent mechanism for blob convection into the SOL and structure formation is less evident.
Blobs (i.e. structures with dipole potential and vorticity) can still form from random driftwave turbulence interactions (oppositely rotating vortex pairing), and such structures will E×B drift into the SOL, however not as rapidly nor as far as when curvature drive is present, because there is no curvature drift to sustain the charge separation. However, there is still turbulent transport of particles and momentum across the separatrix.
We also employed a radial eigenvalue code (see Appendix B) based on the linearized version of Eqs. (1), and (2), to explore the linear growth rate γ, eigenfunction characteristics, and the quasilinear flux of particles and momentum. This code can also take as input an equilibrium velocity shear profile <v y (x)>. Not surprisingly, we find an order unity reduction of the growth rate when d<v y >/dx ~ γ near the center of the radial eigenmode, and this situation occurs for the shearing rates seen in the simulation (see e.g. (ii) The Reynolds stress contribution to the momentum flux provides a net force on the core plasma, and is opposed by the passive loss of momentum carried by exiting particles.
In the quasi-steady turbulent state these two contributions nearly cancel, but the Reynolds stress contribution is slightly larger in all the situations studied, resulting in a net rotational drive.
(iii) The momentum source provided by the edge is coupled to core physics which dictates how rapidly momentum <nv y > is transported inwards, away from the edge region.
(iv) The system is regulated by the strength of the sheared flows in the edge region, viz. <v y (x)> without the density weighting <n(x)>, i.e. the system tries to establish a critical value of d<v y >/dx ~ γ. Thus, taking (iii) into account, there is competition between the momentum and velocity profile evolution which depends on the steeply varying edge density.
(v) Transport of perpendicular momentum in the drift-wave model system is dominated by turbulent fluxes in a radial zone inside the LCS where blob formation is not yet complete. In the turbulent steady-state, the occurrence of strong turbulence and intermittent coherent structures is of secondary interest for momentum transport across the separatrix. Quasilinear theory provides a reasonable explanation of the ratio of momentum to particle fluxes, including the sign. The role of coherent structures (blobs) on momentum transport is noticeable during transients, such as relaxation from a strongly unstable initial condition, when blob emission is strong.
(vi) Poloidal spin-up of the core is in the same direction as the phase velocity of the drift waves, for all cases that were explored. This direction corresponds to outward propagation of the radial eigenmode.
Point (vi) may be also depend on physics which is not described by the present model, such as the role of sheath potentials and temperature gradients in the SOL, and the resulting induced SOL flows.
Concerning point (v) on the role of blobs on edge momentum transport and induced zonally-averaged perpendicular flows, we have seen that specific blob effects can be present when the plasma responds to sudden transient changes. In the simulation, this occurs at t = 0; however, in experiments transients and blob ejection may be triggered by avalanche-type phenomena which have their origin in the core and propagate profile effects (density or zonal flow) out to the edge. In general, blob dynamics in the SOL itself is less interesting for perpendicular momentum transport than for particles and energy, simply because in the latter case the radial deposition profile of plasma particles and energy in the SOL is of practical importance for determining recycling and wall damage. In contrast, the radial momentum deposition profile in the SOL is of little interest, and only the net transport from the core across the separatrix is important.
The direction of the rotation (i.e. flow) in our model, point (vi), deserves some comment. As noted, the direction can be understood from simple considerations of Reynolds stress and the direction of radial wave propagation. Of course, the direction in which the plasma core rotates must oppose the direction of momentum which is transported across the LCS and lost in the sheaths. In the blob interpretation, this means that blobs cross the LCS moving in the negative y-direction (e.g. see Fig. 8 , in which the blobs move down), which is the direction opposite to the phase velocity of the modes, since ω/k y ~ ω * e /k y ~ −(d/dx) ln n is positive. We can imagine the formation of blobs from the saturation by wave-breaking of a large-amplitude unstable drift-interchange mode. In the frame of the phase velocity of this mode, it is tempting to further imagine that the wave crests form blobs which propagate radially outward by the usual blob convection mechanism, while the wave troughs form holes that propagate inwards.
However, the blobs are not ejected with a velocity equal to the phase velocity of the modes. Instead, from Fig. 8 , we see that while the wave crests move up, the blobs arising from these crests are spun around and down in the ejection process, consistent with the direction of the outer lobe of the sheared flow pattern. Thus, the E×B turbulent dynamics of blob formation is rather complicated and non-intuitive. For example, whereas the poloidal phase velocity of modes is influenced by ω * e = k y v * e , the fluid drift v * e does not directly transport mass (blobs). Also, the core rotation is generated by the Reynolds stress, not the passive term, but it is the passive term which has a relatively direct interpretation in terms of momentum carried on the "back" of a density blob.
The studies described in this paper pertain to transport in the radial direction of 
Derivation of model equations
The fundamental forms of the continuity, vorticity and momentum equations are
and Ohm's law is n ln e T J || || || ||
Here n is the density, J is the current density, p = nT is the pressure, S is a particle source, v 0 is the velocity at which source particles are injected, Φ is the electrostatic potential and η || is the Spitzer resistivity. In this appendix (as distinct from the main text), v is the total velocity including the parallel component.
The 
where
On closed surfaces, we follow the Wakatani-Hasegawa philosophy, and employ Ohm's law with 
Numerical advancement algorithm
The equations of continuity and fluctuating vorticity, Eqs. (1) and (2) 
where the (radially, i.e. x-dependent) coefficients are defined by
and the characteristic frequencies
In local theory, ∂/∂x → −ik x one obtains the dispersion relation
from which the basic curvature, sheath-interchange, and drift-wave instabilities may be extracted. Here we consider the non-local radial eigenvalue problem in order to quantitatively treat the sharp density gradients and longer wavelength modes for with k x L n ~ 1.
For typical parameters, the unstable spectrum γ(k y ) takes the form shown in Fig.   13 , with a maximum growth rate at intermediate k y ~ 0.2 -0.5. The lower k y unstable spectrum shows the greatest drift-wave character, while for high k y , the character is more that of the curvature-interchange mode. In Fig. 13 we display a benchmark comparison of the growth rates measured with the SOLT turbulence code against the result of the radial eigenvalue code. Parameters are base case, except as indicated. Note that the explicit diffusion coefficients D and µ are turned off. Two cases are shown which serve to verify the classes of terms associated with α dw and α sh separately. The agreement is excellent at low k y where grid diffusion effects are small. The grid size for these runs is coarser than those of the main paper to illustrate grid diffusion: the grid size is ∆ x = ∆ y = 1.57 ρ s . Grid diffusion is negligible until k y ρ s > 0.6 which corresponds to k y ∆ y > 1.
These results are very sensitive to the non-stationary "equilibrium" for finite α dw (which requires turning sheaths and diffusion off for benchmarking studies). For these tests, there were no equilibrium flows, and in particular there is no validation of the advection
To test the linearized advection term with equilibrium flows, we employed a sech 2 v y (x) profile, turned off curvature and drift wave drives, and performed a γ(k y )
comparison of the resulting Kelvin-Helmholtz instabilities. Results are shown in Fig. 14.
The eigenfunctions (not shown) peak radially at the maximum shear in v y . For the largest k ~ 0.2, the eigenfunction becomes very sharp and is not well resolved by grid, accounting for the slight discrepancy seen in the figure for this case.
Other verification tests were also performed. In particular, local and global momentum conservation were checked. It was verified that the total momentum in the plasma plus the time-integrated diffusive momentum flux out the left boundary equals the total time-integrated momentum lost to sheaths. 
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